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2 The Heisenberg Group and its Representa-
tions

Definition 2.1. Heisenberg Group

H = {

1 x z
0 1 y
0 0 1

 | x, y, z ∈ R}

where the identity element is the identity element of matrices, and inverses
are the matrix inverses (Exercise: check this). Multiplication is given by:1 x1 z1

0 1 y1
0 0 1

1 x2 z2
0 1 y2
0 0 1

 =

1 x1 + x2 z1 + z2 + x1y2
0 1 y1 + y2
0 0 1


Remark. The center of H is:

Z = {

1 0 z
0 1 0
0 0 1

 | z ∈ R}
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Theorem 1. The Heisenberg group has a family of unitary representations
π~, ~ ∈ R\0 on L2(R) given by:

let f ∈ L2(R) then π~ (g) : L2(R)→ L2(R)

(π~

1 x z
0 1 y
0 0 1

 f) (t) ≡ eityei~zf(t+ ~x)

Proof. First let us show that it is a representation:

π~

1 x1 z1
0 1 y1
0 0 1

π~

1 x2 z2
0 1 y2
0 0 1

 f(t) =

= π~

1 x1 z1
0 1 y1
0 0 1

 eity2ei~z2f(t+ ~x2)

= eit(y1+y2)eitx1y2ei~(z1+z2)f(t+ ~x1 + ~x2)

= π~

1 x1 + x2 z1 + z2 + x1y2
0 1 y1 + y2
0 0 1

 f(t)

= π~

1 x1 z1
0 1 y1
0 0 1

1 x2 z2
0 1 y2
0 0 1

 f(t)

Now that we have shown it is a representation we must show that it is unitary
given the standard inner product in L2(R):

(f1, f2) =

∫ ∞
−∞

f1(t)f2(t)dt

Let us begin by expanding the definition

(π~(g)f, π~(g)f) =

∫ ∞
−∞

eityei~zf1(t+ ~x)eityei~zf1(t+ ~x)dt

=

∫ ∞
−∞

f1(t+ ~x)f2(t+ ~x)dt = (f1, f2)

Where the final step comes from moving the translation into the bounds of
the integral and noting that it does not effect the integral.
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3 Heisenberg Lie Algebra

The relation between the Heisenberg group and its lie algebra can be seen by
taking the derivative of the one parameter subgroups at the identity yielding
the three generating elements:

P =

0 1 0
0 0 0
0 0 0

 , H =

0 0 1
0 0 0
0 0 0

 , Q =

0 0 0
0 0 1
0 0 0


One can then check that the exponential map brings us back into the Heisen-

berg group:

exp

0 x z
0 0 y
0 0 0

 = I +

0 x z
0 0 y
0 0 0

+
1

2

0 x z
0 0 y
0 0 0

2

=

1 x z + xy
2

0 1 y
0 0 1


And the commutation relations are as follows:

[P,Q] = H

[H,P ] = [H,Q] = 0

4 Characterizing the Unitary IR Representations
of the Heisenberg Group

We have now seen that there is an infinite family of unitary representations on
L2(R). We will now see that these are irreducible. Moreover, they are the only
nontrivial IR reps of the Heisenberg group.

We begin by stating a classic theorem of Stone and Von Neumann. This
theorem states that any IR unitary representation with a nontrivial action on
the center is equivalent to a π~. This theorem can be further generalized to
higher dimensional Heisenberg groups but it is unneeded for this discussion.

To simplify the notation we will consider the shorthand true for any repre-
sentation of the heisenberg group ρ

ρ(x, y, z) ≡ ρ

1 x z
0 1 y
0 0 1


Theorem 2. Stone-Von Neumann Let ρ be a unitary representation of H on a
Hilbert space H such that ρ(0, 0, z) = eihzI for some h ∈ R\0. Then H = ⊕Hα,
where the Hα’s are mutually orthogonal subspaces of H, each invariant under
ρ such that ρ | Hα is unitarily equivalent to π~ for each α. In particular is ρ is
IR then ρ is equivalent to π~
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Corollary 2.1. Every irreducible unitary representation of H is unitarily equiv-
alent to one and only one of the following representations:

• π~(~ ∈ R\{0}, acting on L2(R)

• σa,b(x, y, z) = ei(ax+by)(a, b ∈ R) acting on C

Proof. If ρ is an IR unitary representation, Shur’s lemma implies that ρ must
map the center Z of H homomorphically into {cI | |c| = 1, c ∈ C} so ρ(0, 0, z) =
eihzI for some h ∈ R. If h 6= 0 then it is equivalent to π~ by Stone-Von
Neumann. If h = 0 then ρ factors through the center H/Z ' C. The Irreducible
representations of C are one dimensional and by Shur’s lemma they are just
(x, y)→ ei(ax+by)

5 Hermite Polynomials

Now that we have seen the way the Heisenberg group acts on L2(R), we would
like to use this action to discover properties about the space. Our first goal is
to decompose this space into sensible basis vectors. Two decompositions stand
out immediately, one based on position, and one based on Fourier components.
The Hermite polynomials are a mix of the two of them, or more specifically
they are proportional to the result of projecting the space basis onto the Fourier
basis. To actually calculate these special basis functions one must find a unitary
representation of the lie algebra in question. One can check that:

a− =
1√
2

(
x+

d

dx

)
, a+ =

1√
2

(
x− d

dx

)
, I

do the trick. These operators can also be interpreted as the raising and
lowering operators of the quantum harmonic oscillator. To derive the Hermite
functions, one play 2 equations off of each other. The first comes from noting
that a−(f0) = 0 where f0 corresponds to the zeroth Fourier harmonic. The
second equation comes from expanding the lowering operator in terms of the
Fourier and position basis and setting them equal. Through this process one
discovers:

Definition 5.1. Hermite Polynomials

Hk(x) = (−1)k
dk

dxk
(e−x

2

)ex
2

, k ∈ Z≥0

Definition 5.2. Normalized Hermite Functions

hk(x) = (2kk!
√
π)−

1
2Hk(x)e−

1
2x

2

, k ∈ Z≥0
One can also form these polynomials by diagonalizing the operator P 2 +Q2

in the Heisenberg lie algebra. The first Hermite polynomial is a constant, and
all others can be derived by applying the raising operator the the previous
polynomial. Furthermore, by analyzing the recurrence relations used to derive
the polynomials as in [7], one can also show that:
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Proposition 3. ∫ ∞
−∞

hm(x)hn(x)dx = δmn

Completeness of this set of functions comes from the fact that there is a
Hermite polynomial of order n for every n, and the system (e−x

2/2xn)∞0 is
closed. For a proof see [6]

6 Reproducing Kernels

Often times, we would like to understand the structure of the inner products
within a space like L2(R). The inner product is key to the geometry of the space,
and we shall soon see that we can view the geometry of the space through its
dual space. To set the stage we must familiarize ourselves with some results
from the theory of dual spaces.

Theorem 4. Riesz Representation Theorem Given a Hilbert spaceH and its dual
H∗ we can construct a map Φ(x) : H → H∗ = 〈·, x〉H , which is an isometric
isomorphism where:

• Φ is bijective

• |x| = |Φ(x)|

• Φ(x+ y) = Φ(x) + Φ(y)

• Φ(λx) = λΦ(x)

This theorem shows that the dual space of continuous linear functionals
has an identical metric structure to the original Hilbert space. Furthermore in
spaces like L2(R), or other Hilbert spaces of functions on a set, one can show
that the evaluation function evz(f) ≡ f(z) ∈ R is a continuous linear functional
L2(R)→ R and is hence in its dual space. This means that in the dual space we
can form 〈evz, f〉H∗ = f(z) , and then ask the same question but mapped into
the original space. When we bring the evaluation functional back down into the
original Hilbert space, we get a reproducing kernel vector, Kz ∈ H such that
〈f,Kz〉H = f(z).

With this in mind, we can define a function that captures much of the
geometric information about our Hilbert space, L2(R).

Definition 6.1. Reproducing Kernel
We can define the reproducing kernel on L2(R) to be the function:

K : R× R→ R, (x, y) 7→ Ky(x)

Note that this map has the so called “reproducing property” where:

f(y) =

∫ ∞
−∞

K(x, y)f(x)dx
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also note that by definition of Kx:

K(x, y) = 〈Kx,Ky〉L2(R)

Proposition 5. If H has a kernel an orthonormal basis (ψn)∞n=0,

K(x, y) =

∞∑
n=0

ψn(x)ψn(y)

Proof. Expanding Ky in terms of the basis yields:

Ky =

∞∑
n=0

〈Ky, ψn(x)〉ψn

By the reproducing property of the kernel the right hand side becomes:

Ky =

∞∑
n=0

ψn(y)ψn

Continuity of pointwise evaluation yields

K(x, y) = Ky(x) =

∞∑
n=0

ψn(y)ψn(x)

Specializing to the case of L2(R), lets construct the kernel explicitly.

Theorem 6. The kernel for the Hilbert space L2(R) is:

K(x, y) = δ(x− y)

Proof. By definition the Dirac delta satisfies the reproducing property:

f(y) =

∫ ∞
−∞

K(x, y)f(x)dx

Now consider a slight generalization of the kernel in L2(R) by considering
a weighted sum of the Hermite functions. One can show that as long as the
coefficients are in l2(R) this new weighted sum is indeed a kernel, but in a
different Hilbert space. In fact this is often how new kernels are constructed,
by multiplying the basis functions in L2(R) by special sequences in l2(R).

Definition 6.2. The Gaussian kernel can be represented as:

K(x, y) = exp

(
−‖x− y‖22

2σ2

)
=

∞∑
n=0

C ∗ bnen(x)en(y)

where
en(x) = exp

(
−(c− a)x2)Hk(x

√
2c)
)

and a, b, c are functions of σ [4]
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7 Applications to Machine Learning

Often we are in the case where we would like to discover patterns in data. Most
of the time, these patterns are complicated, nonlinear, and not handled well by
linear regression. Fortunately kernel methods allow us to transform our space
into a nonlinear space by using the nonlinear space’s associated kernel. To see
this we must investigate linear regression in its primal and associated dual form.

7.1 Standard Form of Regression

In its primal form linear regression can be summarized as:
Given a data matrix X ∈ RN×d where N is the number of d-dimensional

observations we want to learn a function

f̂(x) =

d∑
i=1

xiwi = 〈x,w〉

where x ∈ Rd.
To learn this function we must estimate w by finding the solution with the

lowest squared error over the whole dataset:

ŵ = argminw(‖y −Xw‖2)

7.2 Dual Form of Regression

One can also show that the best w must lie in the span of the data in Rd. We
can now reformulate linear regression using a dual viewpoint.

Given a data matrix X ∈ RN×d where N is the number of d-dimensional
observations we want to learn a function

f̂(x) =

N∑
i=1

αi〈x, xi〉

Where:

w =

N∑
i=1

αixi

7.3 Kernel Regression

Note that the problem is completely defined by the inner products of the data
in Rd. This gives us the powerful opportunity to substitute the euclidean inner
products with other inner products. Using the kernel as an alternative inner
product, we can now perform regression in incredibly high, and potentially
infinite, dimensional Hilbert spaces without having to map the points into the
infinite dimensional space first. The kernel does the heavy lifting and allows us
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Figure 1: Gaussian kernel function estimation and components of the sum

to regress in these spaces because it captures all the metric information of the
ambient space.

The kernel we have investigated is called the Gaussian kernel and allows one
to regress a function by placing Gaussian bumps at each of the data-points to
reconstruct the function as seen in figure 1.

The idea of transforming a linear algorithm into a nonlinear algorithm using
kernels is applicable to almost any statistical technique including regression,
classification, clustering, principle component analysis, and hypothesis testing.
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